Frame Rotation in the Szekeres Spacetimes by Hellaby, Charles
ar
X
iv
:1
70
6.
00
62
2v
2 
 [g
r-q
c] 
 26
 Ju
n 2
01
7
Frame Rotation in the Szekeres Spacetimes
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Dept. of Maths. and Applied Maths, University of Cape Town, Rondebosch, 7701, South Africa
Abstract
The Szekeres metric is an inhomogeneous cosmological model without any symmetries. The
standard Riemann-type coordinates can be transformed into spherical-type coordinates, but the
metric is no longer diagonal, and the constant “radius” 2-spheres, 2-hyperboloids or 2-planes
are known to be “non-concentric”. Since the transformation into spherical-type coordinates is
“radius” dependent, we question whether these coordinates have the same orientation on each
2-surface. To answer this question, we set up an orthonormal tetrad (ONT), and investigate its
variation. We find that a relative rotation of the tetrad is generic, and it can increase systemati-
cally under conditions that are not very restrictive. We search for paths along which the tetrad
is constant, and find they only exist under very restrictive conditions. In the process, we create
a systematic method for defining an ONT with chosen properties from a given metric.
1 Motivation
The Szekeres (S) metric is an exact inhomogeneous solution of the EFEs that has no Killing vectors.
It has 6 free functions of “radial” coordinate r, plus the parameter ǫ. However the 2-surfaces of
constant (t, r) are spheres, planes, or pseudo-spheres (2-sheeted right hyperboloids of revolution),
depending on whether the parameter ǫ is +1, 0, or −1. It is well known that the constant (t, r)
shells are “non-concentric”, i.e. the separation between adjacent constant r shells depends on the
remaining coordinates p & q, which are related to standard “angular” coordinates θ & φ by a Riemann
projection.1 However, given that the (p, q) to (θ, φ) transformation is dependent on r, one may wonder
whether “non-concentricity” is the whole story; do adjacent shells have constant “orientation” of the
θ-φ frame? It would appear that this has been tacitly assumed up to now, but it would be useful for our
understanding to have this assumption confirmed or disproved. In this paper we focus on the ǫ = +1
case, adding the key formulas for the other cases in appendices.
More precisely, our main question is, given a constant t slice and a particular (θ, φ) angle, do the
tangents & normals to successive 2-surfaces of constant r, at this angle, all point in the same direction?
Of course, there is no such thing as a globally constant vector in a curved space(time). Nevertheless, the
Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) & Lemaˆıtre-Tolman (LT) spacetimes do have angular
directions with constant 3-d “orientations”; along constant-time radial paths, the radial and angular
basis vectors do remain 3-parallel (see example (d) of appendix B.1). If, compared with such spherically
symmetric behaviour, the S metric shows large or systematic changes, this would be significant.
∗Charles.Hellaby@uct.ac.za
1Terms like “radial”, “angle” and “non-concentric” have pseudo-spherical equivalents [29].
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This primary question leads to several others. If we find that the radial variation of orientation is
not zero, then we would next ask whether the evolution in time also changes angular orientations in
3-d. In addition, in a given S metric (with specified arbitrary functions) are there paths along which
there is no variation in the orientation of θ and φ? If there are, this would be an inhomogeneous version
of the constant orientation along radial paths of spherically symmetric metrics. If not, what are the
conditions on the S arbitrary functions that would ensure no variation in orientation?
Plots of sections through S models are problematic because of curvature; one has to choose a
slicing, and then a projection. Even with a 3-space of constant curvature, representations of say the
density distribution on a 2-surface are necessarily distorted, due to the impossibility of mapping a curved
2-space onto flat paper without some distortion of distances and angles. Thus a discovery that the
(θ, φ) coordinates do not preserve orientation would add to the complexity of representing the S metric
graphically.
2 The Szekeres Spacetime
The Szekeres (S) metric [4, 5] is a non-symmetric generalisation of the Lemaˆıtre-Tolman (LT) metric
[1, 2] and the Ellis metrics [3], in which the shells of constant t and r are arranged “non-concentrically”.
The line element is
ds2 = −dt2 +
(
R′ + RE
′
E
)2
dr2
W 2
+
R2
E2
(
dp2 + dq2
)
, (1)
where W =
√
ǫ+ f , ′ indicates ∂/∂r, R = R(t, r) is a kind of areal factor that gives the “size” of the
constant t & r 2-surfaces, and f = f(r) is an arbitrary function that determines the local 3-geometry:
positively and negatively curved for f < 0 and f > 0, and flat for f = 0. The factor
E =
S
2
(
(p− P )2
S2
+
(q −Q)2
S2
+ ǫ
)
, (2)
contains the 3 arbitrary functions S = S(r), P = P (r) and Q = Q(r), and ǫ has the 3 values +1, 0,−1
which determine whether each of the constant r surfaces have a spherical, planar, or right-hyperboloidal
(pseudo-spherical) 2-geometry respectively. Although the individual 2-surfaces of constant t & r have
constant curvature, they are not arranged symmetrically, so the 3-spaces of constant t and the 4-metric
do not have spherical, planar, or hyperboloidal symmetry. It is entirely possible for a single model to
have f ranging from −ve to +ve and/or all 3 signs for ǫ. Note however that not all combinations of
signs of f & ǫ are possible [29]. The model evolution is determined by
R˙2 =
2M
R
+ f +
ΛR2
3
, (3)
which is a generalised Friedmann equation, and here Λ is the cosmological constant, while ˙ indicates
∂/∂t. When solving the Λ = 0 version of (3), we see that if f < 0 the evolution is re-collapsing or
“elliptic”, if f > 0 it is montonic expansion (or collapse) i.e. “hyperbolic”, and if f = 0 we have
the borderline “parabolic” case. Thus f has a second interpretation as an energy parameter, while
the arbitrary function M = M(r) represents a mass-like parameter in a term 2M/R that looks like a
gravitational potential energy. In quasi-spherical regions it is indeed the gravitational mass interior to
the sphere of constant r. The last arbitrary function, a = a(r), appears in the integration of (3), and
gives the time of the big bang, t = a(r), when R(a(r), r) = 0, on each r shell’s “world sheet”. The
matter is pressure-free and comoving,
ua = δat , (4)
2
and the density is
κρ =
2(M ′ − 3ME ′/E)
R2(R′ − RE ′/E) . (5)
For further information, see the excellent survey of inhomogeneous cosmologies [21], and also [35],
[24] and [37]. Some important geometric and physical results are that the metric has no killing vectors
[9], the constant t sections are conformally flat [8], there is no gravitational radiation [6, 11], the null
limit of the metric is a generalisation of the Kinnersley rocket [19], and the Datt-Kantowski-Sachs type
S model (β ′ = 0) is a limit of the more common Lemaˆıtre-Tolman type (β ′ 6= 0) [19]. Much interesting
work has been done using this metric, [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 22, 23,
25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 36, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52,
53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66].
2.1 Polar Coordinates for the S Metric
The transformations from (p, q) coordinates to polar-type coordinates are the stereographic projections:
ǫ = +1 : p = P + S cot
(
θ
2
)
cos φ , q = Q + S cot
(
θ
2
)
sin φ , (6)
ǫ = 0 : p = P + S
(
2
θ
)
cosφ , q = Q + S
(
2
θ
)
sinφ , (7)
ǫ = −1 : p = P + S coth
(
θ
2
)
cosφ , q = Q + S coth
(
θ
2
)
sinφ . (8)
For the quasi-spherical regions of the S metric (1), where ǫ = +1, the term (dp2 +dq2)/E2 is actually
a unit 2-sphere, and the (p, q) coordinates are understood to be Riemann projections of normal angular
coordinates. Regions where ǫ = −1 are Lobachevsky-Bolyai 2-surfaces of constant negative curvature,
and the above transformation maps a Minkowski hyperboloid or Lorentz hyperboloid onto the Poincare
disc2, the region within (p− P )2 + (q −Q)2 = S2. Where ǫ = 0, the (p, q) 2-surfaces are planes, and
the above transformation is an inversion in the same circle.
We here present the equations for the quasi-spherical S model, ǫ = +1, while the main equations for
quasi-hyperboloidal and quasi-planar models are collected in appendices C and D. They are qualitatively
similar.
By (6), the ǫ = +1 metric in (θ, φ) coordinates is
gtt = −1 , gθθ = R2 , gφφ = R2 sin2 θ ,
grr =
(
R′S +R[S ′ cos θ + sin θ{P ′ cosφ+Q′ sinφ}])2
S2W 2
+
R2
S2
(
S ′ sin θ + (1− cos θ){P ′ cosφ+Q′ sin φ})2
+
R2
S2
(1− cos θ)2{P ′ sin φ−Q′ cos φ}2 ,
grθ = −R
2(S ′ sin θ + (1− cos θ){P ′ cosφ+Q′ sinφ})
S
2The region outside this disc maps to the second sheet of the hyperboloid, but [29] shows that only one of the two
hyperboloid sheets can be made regular.
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grφ = −R
2(1− cos θ) sin θ{P ′ sinφ−Q′ cosφ}
S
. (9)
Thus the coordinates are not orthogonal, and the off-diagonal components depend on both r & t. The
functions E and E ′ become
E =
S
(1− cos θ ) , E
′ =
cos θ S ′ + sin θ (P ′ cos φ +Q′ sinφ )
(1− cos θ ) . (10)
2.2 The Szekeres ONT in t, r, θ, φ Coordinates
Here we use the formulae of appendix A to determine an ortho-normal tetrad (ONT) for the angular
Szekeres metric (9). We will write the ONT labels, and any indices in that basis, with brackets round
them. We specify that the e(t), e(θ) & e(φ) basis vectors line up with the t, θ & φ coordinate directions,
and then define e(n) as the 4th one, automatically orthogonal to the other three.
3 Potentially these
directional constraints give 9 equations, which is 3 too many, but if we specify the 6 constraints
e(t)(dr) = 0 = e(t)(dθ) = e(t)(dφ) , e(θ)(dr) = 0 = e(θ)(dφ) , e(φ)(dr) = 0 , (11)
then e(θ)(dt) = 0, e(φ)(dt) = 0, e(φ)(dθ) = 0 follow automatically from the fact that gtθ = 0 = gtφ =
gθφ.
Solving (35) & (11), using GRTensor [67] & a Maple [68] worksheet, the ONT for the ǫ = +1
angular Szekeres metric (9) has the following non-zero components
e(a)i =


−1 0 0 0
0
1
W
(
R′ +
R[S ′ cos θ + sin θ{P ′ cosφ+Q′ sin φ}]
S
)
0 0
0 −R[S
′ sin θ + (1− cos θ){P ′ cosφ+Q′ sinφ}]
S
R 0
0 −R(1 − cos θ){P
′ sinφ−Q′ cosφ}
S
0 R sin θ


(12)
where rows 1 to 4 give the components of e(t), e(n), e(θ), e(φ), respectively. It may be verified that the
above basis satisfies all 19 of our requirements. As it turns out, the e(n)r component has simplified
greatly because of extensive cancellation in grr − (g2rφgθθ + g2rθgφφ)/(gθθgφφ). Put another way, the
extra terms in grr are generated by e(θ)r and e(φ)r.
3 Variation of the Basis Vectors
For this investigation, we must look at how the basis vectors in the appropriate directions vary. However,
the (r, θ, φ) coordinate basis vectors are non-orthogonal as well as having non unit magnitude. To
obtain more transparent results, it is sensible to use the orthonormal tetrad (ONT) derived above. The
connection that defines their variation is, for an ONT, the set of Ricci rotation coefficients,
∇e(a)e(b) = Γ(c)(a)(b)e(c) ↔
(∇e(a)e(b))e(c) = e(a)d(∇de(b)f)ef (c) = Γ(c)(a)(b) . (13)
3We don’t write e(r). In (r, θ, φ) coordinates, the r coordinate is not orthogonal to θ & φ directions. In (r, p, q)
coordinates, though, the spatial coordinates are all orthogonal.
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The variation we are interested in, is the one along a particular path with tangent vector v = vjej ,
V(c)(b) ≡
(∇ve(b))e(c) = v(a) Γ(c)(a)(b) = vje(a)j Γ(c)(a)(b) , (14)
where V(c)(b) is being defined here.4 We don’t want to use ONT components of vj, because we want
the rate of change of the ONT with respect to a parameter along a chosen path. Particular paths will
be specified later.
3.1 Obtaining the Rates of “Rotation” & “Boost” of the Basis
Now for an ON basis, the rate of variation of the basis is due to the rate of change of a unitary
rotation/boost matrix. If Λ(c)(a)(λ) is a Lorentz transformation matrix whose components depend on
some parameter λ along a given path xb = xb(λ), then its action on some fixed vector ξ(a)|0 (at a given
λ0) generates a transformed vector that depends on λ, ξ
(c)(λ) = Λ(c)(a) ξ
(a)|0. The rate of change of
the transformed ξ(b) along the path is then
dξ(c)
dλ
=
dΛ(c)(d)
dλ
ξ(d)|0 → dξ
(c)
dλ
∣∣∣∣
0
=
dΛ(c)(d)
dλ
∣∣∣∣
0
ξ(d)|0 (15)
which holds for every λ0 value, so we have at each point on the curve
dξ(c)
dλ
=
dΛ(c)(d)
dλ
ξ(d) . (16)
If instead we knew Λ(c)(d) as a function of position, and we knew the path tangent vector v
(d), then
we could write
dξ(c)
dλ
= v(a) ∂(a)Λ
(c)
(d) ξ
(d) . (17)
Further, if we choose ξ(d) to be a unit basis vector e(b)
(d) = δ
(d)
(b) , then
de(b)
(c)
dλ
= v(a) ∂(a)Λ
(c)
(b) =
dΛ(c)(b)
dλ
. (18)
Comparing this with (14), which gives the rate of change of the unit basis vector e(b), we see that
V(c)(b) = v(a) Γ(c)(a)(b) is a rate of rotation/boost matrix.
Appendix B describes the procedure for extracting the rotation axis, the rate of rotation, the boost
direction, and the rate of boost, given such a rate of rotation/boost matrix. It also gives some examples
to provide background to the results below.
4Our notation for commutation coefficients and connection components is
γ(c)(a)(b) = [e(a), e(b)](e
(c)) = {(e(a))i(e(b))j ,i − (e(b))i(e(a))j ,i}(e(c))j = {(e(c))i,j − (e(c))j,i}(e(a))i(e(b))j ,
Γ(c)(d)(e) =
1
2
{g(c)(d),(e) + g(e)(c),(d) − g(d)(e),(c)}+
1
2
{γ(c)(d)(e) + γ(e)(c)(d) − γ(d)(e)(c)} .
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3.2 The Questions
Now the main question is (i) whether the e(n), e(θ), e(φ) vectors maintain constant orientation along
constant (θ, φ) paths, relative to the constant t 3-spaces? (We do of course expect 4-d variation due
to expansion, and it is known that even in FLRW spacetimes the constant t 3-spaces are not geodesic.)
For the r coordinate paths, which have constant (θ, φ), we merely choose, vi = δir with e(b) & e
(c)
spatial, and check whether
e(a)r Γ
(c)
(a)(b) = 0 (19)
holds.
Our auxilliary questions are as follows. (ii) Given a S metric, are there paths along which there is
no variation in the orientation of θ and φ? In other words, try to solve for vi such that
V(c)(b) = vje(a)j Γ(c)(a)(b) = 0 . (20)
(iii) If this is not possibe in general, what are the conditions on the arbitrary functions S, P , Q that
would ensure (20) holds? (iv) Does the time evolution cause changes in the 3-space orientation
V(c)(b)
∣∣∣
v=e(t)
=
(∇e(t)e(b))e(c) = Γ(c)(t)(b) 6= 0 , (21)
with (b) & (c) spatial components? Calculating (20) allows us to address all these questions.
4 Variation of the Szekeres Angular ONT
The ONT for the ǫ = +1 angular S metric is given in (12). We calculate V(c)(b) directly from this
ONT, working in t, r, θ, φ coordinates, using a Maple worksheet and GRTensor5. We give it in terms
of the coordinate components vj.
V(n)(t) = (R˙
′S + R˙[S ′ cos θ + sin θ{P ′ cosφ+Q′ sin φ}])
SW
vr (22)
V(θ)(t) = −R˙[S
′ sin θ + (1− cos θ){P ′ cosφ+Q′ sinφ}]
S
vr + R˙ vθ (23)
V(φ)(t) = −R˙(1− cos θ){P
′ sinφ−Q′ cosφ}
S
vr + R˙ sin θ vφ (24)
V(θ)(n) = −
(
S ′(W 2 − 1) sin θ + [W 2 − cos θ(W 2 − 1)]{P ′ cos φ+Q′ sinφ}
WS
)
vr +Wvθ (25)
V(φ)(n) = [1−W
2(1− cos θ)]{P ′ sin φ−Q′ cos φ}
SW
vr +W sin θ vφ (26)
V(φ)(θ) = − sin θ{P
′ sin φ−Q′ cos φ}
S
vr + cos θvφ (27)
5The translation from the present notation to GRTensor notation is
γ(a)[(b)(c)] = GRT λ[(b)|(a)|(c)] = lambda(bdn, bdn, bdn)
Γ[(a)|(b)|(c)] = GRT γ[(a)(c)](b) = rot(bdn, bdn, bdn)
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We have checked that this matrix has the required properties: the symmetric part has zero determinant
and is non-zero only for time-space components; the antisymmetric part has zero determinant and is
non-zero only for space-space components. The equivalent equations for the other ǫ values are in
(70)-(75) and (83)-(88).
The rotation rate and axis are
α˙ =
√[V(φ)(θ)]2 + [V(φ)(n)]2 + [V(θ)(n)]2 , ac =
(
0,V(φ)(θ),−V(φ)(n),V(θ)(n)
)
α˙
(28)
and the boost rate and axis are
χ˙ =
√[V(n)(t)]2 + [V(θ)(t)]2 + [V(φ)(t)]2 , bc =
(
0,V(n)(t),V(θ)(t),V(φ)(t)
)
χ˙
. (29)
As a further check, if we put vr = 0, we should get the rotations and boosts appropriate to an
expanding spherical surface;
V(n)(t) = 0 , V(θ)(t) = R˙ vθ , V(θ)(n) = W vθ
V(φ)(t) = R˙ sin θ vφ , V(φ)(n) = W sin θ vφ , V(φ)(θ) = cos θvφ .
(30)
These are identical to those for an LT model given in (63), with rotation and boost rates and axes
as given in (64) and (65). This means that ONT rotations within each evolving 2-sphere are fully
understood. See appendix B for the interpretation.
4.1 Analysis of the Cases
We see immediately that the rotation rate has no dependence on vt, so as expected the ONT does not
rotate along the comoving matter worldlines.
Next consider a pure r direction with r the path parameter, i.e. 0 = vt = vθ = vφ, and vr = 1. By
definition, θ & φ (& t) are constant along r coordinate lines, so one might expect the tetrad to have
constant orientation, as it does in the LT model, but this is not so.
For the sub-case of 0 = P ′ = Q′, the relative rotation is in the (r, θ) plane,
α˙ =
S ′(1−W 2) sin θ
SW
vr , ai = δiφ . (31)
(See (76) & (89) for ǫ = −1, 0.)
In (31), α˙ is zero at an origin where W = 1, but non-zero at most locations. It does not diverge
when W = 0 since S ′/W must be finite at a spatial extremum [29]. Now θ is constant along an r
coordinate line, S does not change sign anywhere, and W ≥ 0, while (1 −W 2) only changes sign at
a transition between elliptic and hyperbolic regions. Thus, within a purely elliptic or purely hyperbolic
region, the frame rotation will be continuously in the same sense as long as S ′ does not change sign,
and would certainly integrate up to a finite rotation over a finite proper distance. The only exception
is the symmetry axis [64], θ = 0, π, along which the ONT is indeed constant. The relative boost is
χ˙ bi =
[
0, R˙′S + R˙S ′ cos θ,−R˙S ′W sin θ, 0
] vr
SW
(32)
and it has r and θ components. (It may be compared with (77) & (90) for ǫ = −1, 0.) Given the
non-concentricity of the S metric, the relative boost is not too surprising. We will not concern ourselves
further with the boost rate.
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For 0 = S ′ = Q′ the rotation is more complex
α˙ai =
[
0,− sin θ sin φ, −{1−W
2(1− cos θ)} sinφ
W
,−{(1− cos θ)W
2 + cos θ} cosφ
W
]
P ′
S
vr (33)
(c.f. (78) & (91)). Again, θ & φ are constant, and S & W do not change sign, along an r coordinate
line. So if P ′ does not change sign, there will be a systematic rotation about the e(n) axis, that is a
systematic change in V(φ)(θ), if not the other two axes and planes as well. In this case there is no θ
value that makes all the components of (33) zero.
The case 0 = S ′ = P ′ is of course rather similar,
α˙ai =
[
0, sin θ cosφ,
{1−W 2(1− cos θ)} cosφ
W
,−{(1− cos θ)W
2 + cos θ} sinφ
W
]
Q′
S
vr (34)
(c.f. (79) & (92)), and equivalent comments apply here.
In general, then, we only get zero rotation along r coordinate paths if S ′ = 0 = P ′ = Q′.
It is clear that (27) can be solved to give a path along which there is no θ-φ rotation, and (25)
& (26) can be solved to give a path along which there is no r-θ or r-φ rotation, but there is no path
through a general point with vr 6= 0 that preserves tetrad orientation.
5 Conclusions
We questioned whether the 2-spheres of constant (t, r) in Szekeres models have constant orientation.
Consequently, we defined an ortho-normal tetrad (ONT), and looked at how it changed along various
paths, especially the locus of constant r. As noted above, a curved space or spacetime cannot have a
globally constant vector field, but a systematic rotation of the frame, and the absence of a path along
which there is no rotation are both significant results.
(i). Within any given constant time 3-space, we found that movements in the θ and φ directions
give rotations that can be understood by comparison with a 3-sphere (or 3-hyperbolid, or 3-plane), but
for movements in the r direction there is frame rotation in general. This rotation can be monotonically
increasing in each of the special cases considered above, for example in any region where P ′ = 0 = Q′,
and f & S ′ do not change sign.
(ii). If S ′, P ′ & Q′ are general, there is no path along which the full ONT does not rotate.
(iii). The ONT rotation is zero only in the spherically symmetric case, S ′ = 0 = P ′ = Q′, or along
the symmetry axis in axi-symmetric models.
(iv). The time evolution does not cause any change in frame orientation along the particle
worldlines.
The existence of some variation of an ONT in an inhomogeneous, symmetry-free, curved spacetime
is hardly surprising. However, the absence of any spatial path along which the ONT doesn’t rotate
is more than a little surprising. But the fact that such variation can increase monotonically is truly
unexpected. Even in an axi-symmetric case, only the symmetry axis has an unchanging ONT. This is
in contrast to the LT model, example (d) of appendix B.1, for which the ONT is unchanging along
radial paths, despite the curvature of the 3-spaces.
The concept of the spatial sections of quasi-spherical Szekeres models as a sequence of “non-
concentric spheres” has become very well established, and is an excellent intuitive first description.
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The idea of displaced centres has been used with the quasi-hyperboloidal S models too. However, as
example (e) of appendix B.1 indicates, merely displacing coordinate spheres in flat space has no effect
on ONT orientation. Thus the results presented here indicate that there is another layer of sublety in
the geometry of the model, that has not been hitherto appreciated. “Non-concentricity” is not the
whole story.
Whenever a plot of say the density variation over some 2-d spatial slice is required, one must
decide on a mapping from the Szekeres coordinates to points on the paper. The 3-d spatial sections
of the Szekeres metric are conformally flat [8] but not flat, so this inevitably requires some distortion.
However, if there is a systematic rotation, then the mapping is more complex than has been understood.
Hitherto it seems to have been tacitly assumed that the (θ, φ) coordinates on the 2-spheres, as
defined by (6)-(8), all have the same orientation in some sense. Thus the fact that they don’t, and
especially that the rotation can increase systematically with r, is unexpected, and adds to the difficulty
of representing sections through the S spacetime on flat paper. The question of how to handle this
issue when producing graphics requires further investigation.
A question for future research is whether one can find a frame or coordinate system for the Szekeres
metric that has a less variable orientation property. For example can one define a conformally cartesian
frame that has a more stable orientation?
A Finding the ONT for a Given Metric
Finding an ONT for a diagonal metric, or one with a single off-diagonal component is easy, but not
so the general case. Let the basis vectors be e(a) with coordinate components e(a)
i; basis indices will
be between brackets. We suppose the space has n dimensions, the coordinate metric gmℓ is given, and
the basis metric is necessarily the Lorenzian or Euclidean Cartesian metric η(a)(b) = η(a)(b).
It is actually more convenient to work with the covariant components of the basis vectors, e(a)m.
The set of equations to be solved is
e(a)m η
(a)(b) e(b)ℓ = gmℓ (35)
with the n(n + 1)/2 components of gmℓ given, and the n
2 components of (e(a))m to be determined.
This allows rotating and/or boosting the ONT. If the orientation of the ONT is not important, then
an easy choice is to make (e(a))m upper triangular or lower triangular, so that the number of unknowns
and constraints is the same,
(e(a))m = 0, m > a or (e(a))m = 0, m < a . (36)
For example, in 3d, with a Euclidean metric, we calculate6
(e(a))m =

A 0 0D E 0
G H J

 and (e(a))m δ(a)(b) (e(b))n = gmℓ
6This prescription ensures e(3) lies along constant x
1 & x2, while e(2) lies along constant x
1 — see the following
constraint equations.
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→ (e(a))m =


√
g11 − g
2
12g33 − 2g12g13g23 + g22g213
g33g22 − g223
0 0
g12g33 − g13g23√
g33(g33g22 − g223)
√
g33g22 − g223
g33
0
g13√
g33
g23√
g33
√
g33


If in addition we wish to specify the directions of the ON basis vectors, we have further constraints.
We can specify (n− 1) components of the first basis vector (BV), (n− 2) of the second BV, and so
on, down to 1 component of the (n − 1)th BV, and no components of the nth BV; i.e. n(n − 1)
constraints. Some possible constraints, for any given basis vector e(A), are given below.
If we say that a particular e(A) lies in the planes of constant f , then
e(A)(df) = 0 = e(A)
o
∂o(∂nf)dx
n = e(A)
nf,n = e(A)mg
mnf,n . (37)
If we specify that e(A) lies along the x
i coordinate lines, then it lies in the “level planes” of all the
other coordinates
j 6= i : e(A)(dxj) = 0 = e(A)j = e(A)mgmj . (38)
If we require that e(A) is orthogonal to vector v then
e(A) · v = 0 = e(A)jgjkvk = e(A)kvk . (39)
If we want to make e(A) parallel to vector v then
e(A) = Nv → e(A)ie(b)i = δbA = Nvie(b)i = Nviη(b)(c)e(c)i
∴ b 6= A : viη(b)(c)e(c)i = 0 . (40)
These results are used in section §2.2 to obtain an ONT with a particular orientation. For a general
basis, use g(a)(b) instead of η(a)(b) in the above equations.
B Rotations, Boosts & Axes
Given a 3-d rotation matrix R in flat space with cartesian coordinates, then a vector a along the axis
of rotation will be unaffected by the rotation, so a unit vector giving the axis orientation is found by
solving the eigenvector equation plus the unit vector condition,
Ra = a , a · a = 1 . (41)
If instead we have a rate of rotation matrix R˙, then we get the axis unit vector from
R˙a = 0 , a · a = 1 . (42)
We take such a rate of rotation matrix as always being relative to the current orientation of the given
frame. To get the rotation rate, we find a unit vector w orthogonal to a,
a ·w = 0 , w ·w = 1 , (43)
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and calculate
α˙ = a · (w × R˙w) . (44)
In practice, this leads to
α˙ =
√(
R˙21
)2
+
(
R˙31
)2
+
(
R˙32
)2
, α˙a =

 R32−R31
R21

 . (45)
Conversely, given an axis unit vector a, with (ax)2 + (ay)2 + (az)2 = 1, and an angle α, then the
rotation matrix is
R =

 cosα + (ax)2(1− cosα) axay(1− cosα)− az sinα axaz(1− cosα) + ay sinαayax(1− cosα) + az sinα cosα + (ay)2(1− cosα) ayaz(1− cosα)− ax sinα
azax(1− cosα)− ay sinα azay(1− cosα) + ax sinα cosα + (az)2(1− cosα)

 (46)
and its rate of rotation matrix is found by differentiating and setting α to zero,
R˙ = α˙

 0 −az ayaz 0 −ax
−ay ax 0

 . (47)
A sequence of rotations cannot in general be resolved as a rotation about a single axis in the form (46).
Given a 4-d boost matrix Bcd in flat spacetime with cartesian coordinates, then a spatial vector s
d
perpendicular to the direction (axis) of the boost will be unaffected by the boost. More usefully, the
boost matrix acting on a pure time vector will add spatial components in the 3-d direction ba of the
boost,
Bcdδ
d
0 =


γ
γβbx
γβby
γβbz

 , γ = coshχ , β = tanhχ . (48)
If instead you have a rate of boost matrix B˙cd, then making it act on a time unit vector immediately
gives a multiple of the spatial boost direction vector,
U c = B˙cdδ
d
0 = χ˙


0
bx
by
bz

 . (49)
Similarly, the rate of boost matrix acting on that vector gives a pure time vector
B˙acU
c = χ˙


(bx)2 + (by)2 + (bz)2
0
0
0

 , (bx)2 + (by)2 + (bz)2 = 1 , (50)
so that the rate of boost is clearly the dot product with a unit time vector
χ˙ = δ0aU
a = δ0aB˙
a
cB˙
c
dδ
d
0 = B˙
0
cB˙
c
0 , β˙ = χ˙
[
sech2χ
]
χ=0
= χ˙ , (51)
11
since the rate of boost is relative to the current frame. In terms of the given rate of boost matrix, this
evaluates to
β˙ = χ˙ =
√(
B˙01
)2
+
(
B˙02
)2
+
(
B˙03
)2
, χ˙b =


0
B12
B13
B14

 . (52)
Conversely, given a unit 3-vector b along the boost axis, and a boost speed β = tanhχ, then the
boost matrix is
Bcd =


coshχ sinhχ bx sinhχ by sinhχ bz
sinhχ bx 1 + (coshχ− 1) (bx)2 (coshχ− 1) bxby (coshχ− 1) bxbz
sinhχ by (coshχ− 1) bybx 1 + (coshχ− 1) (by)2 (coshχ− 1) bybz
sinhχ bz (coshχ− 1) bzbx (coshχ− 1) bzby 1 + (coshχ− 1) (bz)2

 , (53)
and its rate of boost matrix is
B˙cd = χ˙


0 bx by bz
bx 0 0 0
by 0 0 0
bz 0 0 0

 . (54)
A sequence of boosts cannot in general be resolved as a boost along a single axis in the form (53).
A general Lorentz transformation Λcd, is a combination of rotations and boosts, that is not easily
decomposed; it should have determinant 1. With the general rate of Lorentz transformation Λ˙cd,
however, the symmetric part (in the matrix sense) is the rate of boost, and the anti-symmetric part is
the rate of rotation,
sΛ˙cd =
1
2
(
Λ˙cd + (Λ˙
T )cd
)
= rate of boost matrix , (55)
aΛ˙cd =
1
2
(
Λ˙cd − (Λ˙T )cd
)
= rate of rotation matrix , (56)
each of which can be treated as above. Spatial 3-vectors just need a zero for the time component.
Note that Λ˙cd does not have zero determinant in general, but each of
sΛ˙cd &
aΛ˙cd does.
B.1 Examples
The interpretation of results in the main text will be aided by considering a class of examples.
(a) First consider 3-d flat space with spherical coordinates. The ONT aligned with the spherical
coordinates, and the consequent path-rotation-rate matrix, are
e(a)i =

1 0 00 r 0
0 0 r sin θ

 , V(c)(b) =

 0 −vθ − sin θ vφvθ 0 − cos θ vφ
sin θ vφ cos θ vφ 0

 . (57)
From these, we find the rotation rate and axis are
α˙ =
√
(vθ)2 + (vφ)2 , α˙ ai =

 cos θ vφ− sin θ vφ
vθ

 . (58)
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For motion in the θ direction, vr = 0 = vφ, there is a rotation rate of vθ about the local e(φ) axis.
For motion in the φ direction, vr = 0 = vθ, there is a rotation rate of vφ about the “z” axis, i.e. a
direction parallel to θ = 0. Since there is no dependence on vr, it is evident that the ONT has constant
orientation along r coordinate lines.
(b) Next consider the 3-sphere,
e(a)i =

1 0 00 sinψ 0
0 0 sinψ sin θ

 , V(c)(b) =

 0 − cosψ vθ − cosψ sin θ vφcosψ vθ 0 − cos θ vφ
cosψ sin θ vφ cos θ vφ 0

 ,
(59)
from which the rotation rate and axis are,
α˙ =
√
(vθ)2 cos2 ψ + (vφ)2(1− sin2 ψ sin2 θ) , α˙ ai =

 cos θ vφ− cosψ sin θ vφ
cosψ vθ

 . (60)
For ψ ≈ 0, this looks like the above result, and in particular there is no ONT rotation along constant
ψ lines. However, the surface ψ = π/2 is the constant-ψ 2-sphere of maximum areal radius. On
this surface, the θ lines are geodesic, so vθ generates no rotation. Similarly the φ line at θ = π/2
is geodesic, but the other φ lines aren’t. At intermediate ψ values, vθ still causes rotation about the
local e(φ) axis by a reduced amount, and v
φ causes reduced rotation about an axis that varies from
the “z” direction at ψ = 0 to the “radial” direction at ψ = π/2. The areal radius of each constant-ψ
2-sphere is sinψ; this is what’s used in an embedding. However, the effective radius is 1/ cosψ, which
represents how much the ONT is rotating relative to a geodesic.7
(c) We re-do the 3-sphere, except we rotate the φ coordinate as ψ increases: φ = φ˜ + ωψ˜.
Discarding the tilde, the basis and rotation rate matrices are
e(a)i =

 1 0 00 sinψ 0
ω sinψ sin θ 0 sinψ sin θ

 ,
V(c)(b) =

 0 − cosψvθ − cosψ sin θ(vφ + ω vr)cosψvθ 0 − cos θ(vφ + ω vr)
cosψ sin θ(vφ + ω vr) cos θ(vφ + ω vr) 0

 .
(61)
Now the rotation rate and axis are
α˙ =
√
(vθ)2 + (vφ)2 , α˙ ai =

 cos θ(vφ + ω vr)− cosψ sin θ(vφ + ω vr)
cosψ vθ

 . (62)
7This illustrates one of the subtleties of curved spaces that is inherited by GR; although all the constant ψ 2-spheres
are intrinsically curved, as part of a 3-space, one or more of them may have zero extrinsic curvature. Whether or not a
direction is considered constant depends on which space it lives in.
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(d) Consider the Lemaˆıtre-Tolman model, with R = R(t, r), W = W (r), ′ = ∂/∂r, ˙= ∂/∂t,
e(a)i =


−1 0 0 0
0 R′/W 0 0
0 0 R 0
0 0 0 R sin θ

 ,
V(c)(b) =


0 (R˙′/W ) vr R˙ vθ R˙ sin θ vφ
(R˙′/W ) vr 0 −W vθ −W sin θ vφ
R˙ vθ W vθ 0 − cos θ vφ
R˙ sin θ vφ W sin θ vφ cos θ vφ 0

 .
(63)
In this case, the rotation rate and axis, are,
α˙ =
√
(vθ)2 W 2 + (vφ)2(1− (1−W 2) sin2 θ) , α˙ ai =


0
cos θ vφ
−W sin θ vφ
W vθ

 . (64)
We get essentially the same interpretation as for the 3-sphere, if we let R play the role of sinψ, and
W the role of cosψ, except that the Lemaˆıtre-Tolman model is radially inhomogeneous. In particular,
the ONT is constant in the radial direction. The sphere of maximum or minimum areal radius, if there
is one, is at r values where W = 0 = R′ for all time. The addition of a time dimension means we also
have a boost rate and boost axis,
χ˙ =
√
(vθ)2 cos2 ψ + (vφ)2(1− sin2 ψ sin2 θ) , χ˙ bi =


0
(R˙′/W ) vr
R˙ vθ
R˙ sin θ vφ

 . (65)
Here the interpretation is easy. Thinking of the expansion as radial, then movements in the vr, vθ &
vφ directions give the expected relative boost between two radial velocities.
(e) Non-concentric spherical coordinates in 3-d flat space. This is the displaced-spheres version of
example (a), with the centre of the sphere at radius r located at Z(r) on the z axis, θ = 0. The ONT
is
e(a)i =

1 + Z ′ cos θ 0 0−Z ′ sin θ r 0
0 0 r sin θ

 , (66)
but the V(c)(b) is identical to that of example (a). In flat space, the basis orientation is unaffected by
the displacement of the coordinate spheres.
C Key Equations for ǫ = −1
By (8), the ǫ = −1 metric in (θ, φ) coordinates is
gtt = −1 , gθθ = R2 , gφφ = R2 sinh2 θ ,
grr =
(
R′S +R[S ′ cosh θ + sinh θ{P ′ cosφ+Q′ sinφ}])2
S2W 2
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+
R2
S2
(
S ′ sinh θ + (cosh θ − 1){P ′ cosφ+Q′ sin φ})2
+
R2
S2
(cosh θ − 1)2{P ′ sin φ−Q′ cos φ}2 ,
grθ = −R
2(S ′ sinh θ + (cosh θ − 1){P ′ cosφ+Q′ sin φ})
S
grφ = −R
2(cosh θ − 1) sinh θ{P ′ sinφ−Q′ cosφ}
S
, (67)
and the functions E and E ′ become
E =
S
(cosh θ − 1) , E
′ = −cosh θS
′ + sinh θ(P ′ cosφ +Q′ sinφ )
(cosh θ − 1) . (68)
The non-zero components of the corresponding ONT are
e(a)i =


−1 0 0 0
0
1
W
(
R′ +
R[S ′ cosh θ + sinh θ{P ′ cosφ+Q′ sinφ}]
S
)
0 0
0 −R[S
′ sinh θ + (cosh θ − 1){P ′ cosφ+Q′ sin φ}]
S
R 0
0 −R(cosh θ − 1){P
′ sin φ−Q′ cosφ}
S
0 R sinh θ


(69)
The variation of this ONT for ǫ = −1 in terms of the vj is given by
V(n)(t) = (R˙
′S + R˙[S ′ cosh θ + sinh θ{P ′ cosφ+Q′ sinφ}])
SW
vr (70)
V(θ)(t) = −R˙[S
′ sinh θ + (cosh θ − 1){P ′ cos φ+Q′ sinφ}]
S
vr + R˙ vθ (71)
V(φ)(t) = −R˙(cosh θ − 1){P
′ sinφ−Q′ cosφ}
S
vr + R˙ sinh θ vφ (72)
V(θ)(n) =
(
S ′(W 2 + 1) sinh θ + [cosh θ(W 2 + 1)−W 2]{P ′ cos φ+Q′ sinφ}
WS
)
vr −Wvθ (73)
V(φ)(n) = [W
2(cosh θ − 1)− 1]{P ′ sinφ−Q′ cosφ}
SW
vr −W sinh θ vφ (74)
V(φ)(θ) = sinh θ{P
′ sinφ−Q′ cosφ}
S
vr − cosh θvφ (75)
Along a pure r direction (0 = vt = vθ = vφ, and vr = 1) we have the following special cases.
When 0 = P ′ = Q′, the relative rotation is
α˙ = −S
′(1 +W 2) sinh θ
SW
vr , ai = δiφ , (76)
and the relative boost is
χ˙ bi =
[
0, R˙′S + R˙S ′ cosh θ,−R˙S ′W sinh θ, 0
] vr
SW
. (77)
When 0 = S ′ = Q′, the relative rotation is
α˙ai =
[
0,− sinh θ sin φ, −{1−W
2(cosh θ − 1)} sinφ
W
,−{(cosh θ − 1)W
2 + cosh θ} cosφ
W
]
P ′
S
vr ,
(78)
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and when 0 = S ′ = P ′ it is
α˙ai =
[
0, sinh θ cosφ,
{1−W 2(cosh θ − 1)} cosφ
W
,−{(cosh θ − 1)W
2 + cosh θ} sinφ
W
]
Q′
S
vr .
(79)
D Key Equations for ǫ = 0
The ǫ = 0 metric in (θ, φ) coordinates is, by (7),
gtt = −1 , gθθ = R2 , gφφ = R2θ2 ,
grr =
(
R′S +R[S ′ + θ{P ′ cosφ+Q′ sin φ}])2
S2W 2
+
R2
S2
(
S ′θ + (θ2/2){P ′ cosφ+Q′ sin φ})2
+
R2
S2
(θ2/2)2{P ′ sin φ−Q′ cos φ}2 ,
grθ = −R
2(S ′θ + (θ2/2){P ′ cosφ+Q′ sinφ})
S
grφ = −R
2(θ3/2){P ′ sinφ−Q′ cosφ}
S
, (80)
while the functions E and E ′ become
E =
2S
θ2
, E ′ = −2[S
′ + θ(P ′ cosφ +Q′ sinφ )]
θ2
. (81)
For this ǫ value, the ONT (non-zero components) is
e(a)i =


−1 0 0 0
0
1
W
(
R′ +
R[S ′ + θ{P ′ cosφ+Q′ sinφ}]
S
)
0 0
0 −R[S
′θ + (θ2/2){P ′ cos φ+Q′ sinφ}]
S
R 0
0 −R(θ
2/2){P ′ sinφ−Q′ cosφ}
S
0 Rθ


(82)
The ONT variation in terms of the vj, when ǫ = 0, is
V(n)(t) = (R˙
′S + R˙[S ′ + θ{P ′ cosφ+Q′ sinφ}])
SW
vr (83)
V(θ)(t) = −R˙[S
′θ + (θ2/2){P ′ cosφ+Q′ sinφ}]
S
vr + R˙ vθ (84)
V(φ)(t) = −R˙(θ
2/2){P ′ sinφ−Q′ cosφ}
S
vr + R˙θ vφ (85)
V(θ)(n) =
(
S ′W 2θ + [W 2(θ2/2) + 1]{P ′ cosφ+Q′ sinφ}
WS
)
vr −Wvθ (86)
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V(φ)(n) = [W
2(θ2/2)− 1]{P ′ sin φ−Q′ cos φ}
SW
vr −Wθ vφ (87)
V(φ)(θ) = θ{P
′ sinφ−Q′ cosφ}
S
vr − vφ (88)
Again considering a pure r direction, 0 = vt = vθ = vφ, vr = 1, the same set of special cases give
the following. Putting 0 = P ′ = Q′, the relative rotation is
α˙ = −S
′Wθ
S
vr , ai = δiφ . (89)
and the relative boost is
χ˙ bi =
[
0, R˙′S + R˙S ′,−R˙S ′Wθ, 0
] vr
SW
(90)
The rotation in the 0 = S ′ = Q′ case is,
α˙ai =
[
0,−θ sinφ, −{1 −W
2(θ2/2)} sinφ
W
,−{1 +W
2(θ2/2)} cosφ
W
]
P ′
S
vr , (91)
and in the 0 = S ′ = P ′ case it is,
α˙ai =
[
0, θ cosφ,
{1−W 2(θ2/2)} cosφ
W
,−{1 +W
2(θ2/2)} sinφ
W
]
Q′
S
vr . (92)
References
[1] G. Lemaˆıtre, Ann. Soc. Sci. Bruxelles A53, 51-85 (1933), “L’Universe en Expansion”. Reprinted
in English with historical introduction in: Gen. Rel. Grav. 29, 641-80 (1997).
[2] R.C. Tolman, Proc. Nat. Acad. Sci. U.S.A. 20, 169-76 (1934), “Effect of Inhomogeneity on
Cosmological Models”. Reprinted with historical introduction in: Gen. Rel. Grav. 29, 935-43
(1997).
[3] G.F.R. Ellis, J. Math. Phys. 8, 1171-94 (1967), “Dynamics of pressure-free matter in general
relativity”.
[4] P. Szekeres, Comm. Math. Phys. 41, 55-64 (1975), “A Class of Inhomogeneous Cosmological
Models”.
[5] P. Szekeres, Phys. Rev. D 12, 2941-8 (1975), “Quasispherical Gravitational Collapse”.
[6] W.B. Bonnor, Comm. Math. Phys. 51, 191-9 (1976), “Non-Radiative Solutions of Einstein’s
Equations for Dust”.
[7] W.B. Bonnor & N. Tomimura, Mon. Not. Roy. Astron. Soc. 175, 85-93 (1976), “Evolution of
Szekeres’s Cosmological Models”. Errata in: Mon. Not. Roy. Astron. Soc. 176, 463 (1976).
[8] B.K. Berger, D.M. Eardley and D.W. Olson, Phys. Rev. D 16, 3086-9 (1977), “Note on the
Spacetimes of Szekeres”.
[9] W.B. Bonnor, A.H. Sulaiman & N. Tomimura, Gen. Rel. Grav. 8, 549-59 (1977), “Szekeres’s
Space-Times Have No Killing Vectors”.
17
[10] J. Wainwright, J. Math. Phys. 18, 672-5 (1977), “Characterization of the Szekeres Inhomogeneous
Cosmologies as Algebraically Special Spacetimes”.
[11] G.M. Covarrubias, J. Phys. A 13, 3023-8 (1980), “Gravitational Radiation in Szekeres’s Quasi-
Spherical Space-Times”.
[12] S.W. Goode & J. Wainwright, Phys. Rev. D 26, 3315-26 (1982), “Singularities and Evolution of
the Szekeres Cosmological Models”.
[13] S.W. Goode & J. Wainwright, Mon. Not. Roy. Astron. Soc. 198, 83-90 (1982), “Friedmann-like
Singularities in Szekeres’ Cosmological Models”.
[14] J.D. Barrow & J. Stein-Schabes, Phys. Lett. A 103, 315-7 (1984), “Inhomogeneous Cosmologies
with Cosmological Constant”.
[15] R.J. Gleiser, Gen. Rel. Grav. 16, 1039-43 (1984), “A Relation Between the Szekeres Quasispherical
Gravitational Collapse Solution and the Robinson-Trautman Metrics”.
[16] M.M. de Souza, Rev. Bras. Fiz. 15, 379-87 (1985), “Hidden Symmetries of Szekeres Quasi-
spherical Solutions”.
[17] W.B. Bonnor, Class. Quantum Grav. 3, 495-501 (1986), “The gravitational arrow of time and the
Szekeres cosmological models”.
[18] W.B. Bonnor & D.J.R. Pugh, South African J. Phys. 10, 169-72 (1987), “Szekeres’s Cosmological
Models and the Postulate of Uniform Thermal Histories”.
[19] C. Hellaby, Class. Quantum Grav. 13, 2537-46 (1996), “The Null and KS Limits of the Szekeres
Metric”.
[20] P.S. Joshi, A. Krolak, Class. Quantum Grav. 13, 3069-74 (1996), “Naked strong curvature sin-
gularities in Szekeres space-times”.
[21] A. Krasin´ski, Inhomogeneous Cosmological Models, Cambridge U P, 1997, ISBN 0 521 48180 5.
[22] C. Hellaby & A. Krasin´ski, Phys. Rev. D 66, 084011, 1-27 (2002), “You Can’t Get Through
Szekeres Wormholes: Regularity, Topology and Causality in Quasi-Spherical Szekeres Models”.
[23] K. Bolejko, Phys. Rev. D 73, 123508, 1-8 (2006), “Structure Formation in the Quasispherical
Szekeres Model”.
[24] J. Pleban´ski, & A. Krasin´ski, An introduction to general relativity and cosmology , Cambridge UP,
2006, GET ISBN.
[25] P.S. Apostolopoulos & J. Carot, Internat. J. Mod. Phys. A 22, 1983-2006 (2007), “Uniqueness
of Petrov Type D Spatially Inhomogeneous Irrotational Silent Models”.
[26] K. Bolejko, Phys. Rev. D 75, 043508, 1-11 (2007), “Evolution of Cosmic Structures in Different
Environments in the Quasispherical Szekeres Model”.
[27] B.C. Nolan & U. Debnath, Phys. Rev. D 76, 104046, 1-10 (2007), “Is the Shell-Focusing Singu-
larity of Szekeres Space-Time Visible?”.
[28] S. Chakraborty & U. Debnath, Gravit. Cosmol. 14, 184-9 (2008), “Shell Crossing Singularities in
Quasi-Spherical Szekeres Models”.
18
[29] C. Hellaby & A. Krasin´ski, Phys. Rev. D 77, 023529, 1-26 (2008), “Physical and Geometrical
Interpretation of the ǫ ≤ 0 Szekeres Models”.
[30] M. Ishak, J. Richardson, D. Garred, D. Whittington, A. Nwankwo, R. Sussman, Phys. Rev. D 78,
123531, 1-7 (2008), “Dark Energy or Apparent Acceleration Due to a Relativistic Cosmological
Model More Complex than FLRW?”.
[31] A. Krasin´ski, Phys. Rev. D 78, 064038, 1-17 (2008), “Geometry and Topology of the Quasiplane
Szekeres Model”.
[32] K. Bolejko, Gen. Rel. Grav. 41, 1585-93 (2009), “Volume Averaging in the Quasispherical Szekeres
Model”.
[33] K. Bolejko, Gen. Rel. Grav. 41, 1737-55 (2009), “The Szekeres Swiss Cheese Model and the CMB
Observations”.
[34] K. Bolejko & J.S.B. Wyithe, J. Cosm. Astropart. Phys. 2009, 02:020, 1-16 (2009), “Testing the
Copernican Principle Via Cosmological Observations”.
[35] C. Hellaby, Proc. Sci. PoS(ISFTG), 005, 1-50 (2009), “Modelling Inhomogeneity in the Uni-
verse”. arXiv:0910.0350 [gr-qc].
[36] K. Bolejko & M.-N. Ce´le´rier, Phys. Rev. D 82, 103510, 1-8 (2010), “Szekeres Swiss-Cheese Model
and Supernova Observations”.
[37] K. Bolejko, A. Krasin´ski, C. Hellaby & M-N. Ce´le´rier, Structures in the Universe by Exact Methods
— Formation, Evolution, Interactions, Cambridge U P, 2010, ISBN 978-0-521-76914-3.
[38] K. Bolejko, Astron. Astrophys. 525, A49 (2011), “Conceptual Problems in Detecting the Evolution
of Dark Energy When Using Distance Measurements”.
[39] K. Bolejko & R. Sussman, Phys. Lett. B 697, 265-70 (2011), “Cosmic Spherical Void Via Coarse-
Graining and Averaging Non-Spherical Structures”.
[40] U. Debnath, Europhys. Lett. 94, 29001 (2011), “Thermodynamics in Quasi-Spherical Szekeres
Space-Time”.
[41] A. Krasinski & K. Bolejko, Phys. Rev. D 83, 083503, 1-23 (2011), “Redshift Propagation Equa-
tions in the β 6= 0 Szekeres Models”.
[42] N. Meures & M. Bruni, Phys. Rev. D 83, 123519, 1-20 (2011), “Exact Non-Linear Inhomogeneities
in ΛCDM Cosmology”.
[43] A. Nwankwo, M. Ishak, J. Thompson, J. Cosm. Astropart. Phys. 2011, 05:028, 1-18 (2011),
“Luminosity Distance and Redshift in the Szekeres Inhomogeneous Cosmological Models”.
[44] L. Herrera, A. Di Prisco, J. Iban˜ez, J. Carot, Phys. Rev. D 86, 044003, 1-7 (2012), “Vorticity
and Entropy Production in Tilted Szekeres Spacetimes”.
[45] M. Ishak, A. Peel, Phys. Rev. D 85, 083502, 1-14 (2012), “The Growth of Structure in the
Szekeres Inhomogeneous Cosmological Models and the Matter-Dominated Era”.
[46] A. Krasin´ski & K. Bolejko, Phys. Rev. D 85, 124016, 1-14 (2012), “Apparent Horizons in the
Quasispherical Szekeres Models”.
19
[47] A. Krasin´ski & K. Bolejko, Phys. Rev. D 86, 104036, 1-19 (2012), “Geometry of the Quasi-
Hyperbolic Szekeres Models”.
[48] P. Mishra, M.-N. Ce´le´rier & T.P. Singh, Phys. Rev. D 86, 083520, 1-14 (2012), “Redshift Drift
in Axially Symmetric Quasi-Spherical Szekeres Models”.
[49] A. Peel, M. Ishak & M.A. Troxel, Phys. Rev. D 86, 123508, 1-21 (2012), “Large-Scale Growth
Evolution in the Szekeres Inhomogeneous Cosmological Models with Comparison to Growth Data”.
[50] R.A. Sussman & K. Bolejko, Class. Quantum Grav. 29, 065018, 1-25 (2012), “A Novel Approach
to the Dynamics of Szekeres Dust Models”.
[51] A. Walters & C. Hellaby, J. Cosm. Astropart. Phys. 2012, 12:001, 1-40 (2012), “Constructing
Realistic Szekeres Models from Initial and Final Data”.
[52] P. Mishra & M.-N. Ce´le´rier, arXiv:1403.5229 [astro-ph.CO], “Redshift and Redshift-Drift in
Λ = 0 Quasi-Spherical Szekeres Cosmological Models and the Effect of Averaging”.
[53] A. Peel, M.A. Troxel, M. Ishak, Phys. Rev. D 90, 123536, 1-17 (2014), “Effect of Inhomogeneities
on High Precision Measurements of Cosmological Distances”.
[54] M. Villani, J. Cosm. Astropart. Phys. 2014, 06:015, 1-19 (2014), “Taylor Expansion of Luminosity
Distance in Szekeres Cosmological Models: Effects of Local Structures Evolution on Cosmographic
Parameters”.
[55] D. Vrba & O. Svitek, Gen. Rel. Grav. 46, 1808 (2014), “Modelling Inhomogeneity in Szekeres
Spacetime”.
[56] S.M. Koksbang & S. Hannestad, Phys. Rev. D 91, 043508, 1-23 (2015), “Methods for Studying
the Accuracy of Light Propagation in N-Body Simulations”.
[57] S.M. Koksbang & S. Hannestad, Phys. Rev. D 92, 023532, 1-26 (2015), “Studying the Precision
of Ray Tracing Techniques with Szekeres Models”. Errata in Phys. Rev. D 92, 069904, 1-3 (2015).
[58] R.A. Sussman & I.D. Gaspar, Phys. Rev. D 92, 083533, 1-27 (2015), “Multiple Non-Spherical
Structures from the Extrema of Szekeres Scalars”.
[59] P.S. Apostolopoulos, Mod. Phys. Lett. A 32, 1750099 (2017), “Intrinsic Conformal Symmetries
in Szekeres Models”.
[60] K. Bolejko, M.A. Nazer, D.L. Wiltshire, J. Cosm. Astropart. Phys. 2016, 06:035, 1-31 (2016),
“Differential Cosmic Expansion and the Hubble Flow Anisotropy”.
[61] A. Krasin´ski, Phys. Rev. D 94, 023515, 1-21 (2016), “Existence of Blueshifts in Quasi-Spherical
Szekeres Spacetimes”.
[62] R.A. Sussman, I.D. Gaspar & J.C. Hidalgo, J. Cosm. Astropart. Phys. 2016, 03:012, 1-19 (2016),
“Coarse-Grained Description of Cosmic Structure from Szekeres Models”. Errata in: J. Cosm.
Astropart. Phys. 2016, E03, 1-4 (2016).
[63] P.S. Apostolopoulos, Class. Quantum Grav. 34, 095013, 1-15 (2017), “Szekeres Models: A Co-
variant Approach”.
[64] I. George & C. Hellaby, Phys. Rev. D 95, 124016, 1-16 (2017), “Symmetry and Equivalence in
Szekeres Models”.
20
[65] S.M. Koksbang, Phys. Rev. D 95, 063532, 1-12 (2017), “Light Propagation in Swiss-Cheese
Models of Random Close-Packed Szekeres Structures: Effects of Anisotropy and Comparisons
with Perturbative Results”.
[66] R.A. Sussman, J.C. Hidalgo, I.D. Gaspar, G. German, Phys. Rev. D 95, 064033, 1-17 (2017),
“Non-Spherical Szekeres Models in the Language of Cosmological Perturbations”.
[67] P. Musgrave, D. Pollney & K. Lake, GRTensorII version, v 1.79, Physics Department, Queen’s Uni-
versity,Kingston, Ontario, K7L 3N6, Canada, grtensor@astro.queensu.ca, grtensor.org.
[68] Waterloo Maple Inc, Maple, v 8, 615 Kumpf Drive , Waterloo, Ontario, N2V 1K8, Canada,
www.maplesoft.com.
21
